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TECHNICAL
MEMORANDUM. Scientific and technical findings that are preliminary or of specialized interest, e.g., quick release reports, working papers, and bibliographies that contain minimal annotation. have been established to prevent catastrophic rim fracture failure modes when considering gear tooth bending fatigue. Analysis was performed using the finite element method with principles of linear elastic fracture mechanics. Crack propagation paths were predicted for a variety of gear tooth and rim configurations. The effects of rim and web thicknesses, initial crack locations, and gear tooth geometry factors such as diametral pitch, number of teeth, pitch radius, and tooth pressure angle were considered. Design maps of tooth/tim fracture modes including effects of gear geometry, applied load, crack size, and material properties were developed. The occurrence of rim fractures significantly increased as the backup ratio (rim thickness divided by tooth height) decreased. The occurrence of rim fractures also increased as the initial crack location was moved down the root of the tooth. Increased rim and web compliance increased the occurrence of rim . 15-18) . In addition, gear crack trajectory predictions have been addressed in a few studies .
The objective of the current study is to develop design guidelines to prevent catastrophic rim fracture failure modes when considering gear tooth bending fatigue. Analysis was performed using the finite element method with principles of linear elastic fracture mechanics. Crack propagation paths were predicted for a variety of gear tooth and rim configurations. The effects of rim and web thicknesses, initial crack locations, and gear tooth geometry factors such as diametral pitch, number of teeth, pitch radius, and tooth pressure angle were considered. Crack trajectories are presented for the variety of cases studied along with design maps indicating gear tooth or gear rim fracture modes. It should be noted that the current study investigates the likelihood of tooth or rim fracture assuming an initial crack is present.
The absolute probability of fracture should include crack initiation, but is beyond the scope of this work.
Gear Modeling
Basic gear tooth geometry data was input to a tooth FRANC is a general purpose finiteelement code forthe staticanalysis of cracked structures (Ref. 28) .Theprogram isdesigned fortwo-dimensional problems, uses principles of linear elastic fracture mechanics, andiscapable ofanalyzing plane strain, plane stress, oraxi-symmetric problems. Eightnodequadrilateral or six-node triangular elements canbe used. Among thevariety of capabilities, a unique feature of theprogram istheabilitytomodel acrack in astructure. The program uses amethod called"delete andfill" toaccomplish this.To illustrate, consider a finite element mesh of an uncracked structure. Theuserwouldfirst defineaninitial crackby identifying the nodeof the crackmouthand coordinates of the crack tip ( Fig. l a) . FRANC would then delete the elements in the vicinity of the crack tip, insert a rosette of quarter-point, six-node triangular elements around the crack tip to model the inverse square-root stress singularity, then fill the remaining area between the rosette and original mesh with conventional six-node triangular elements (Fig. lb) . The user would then run the finite element equation solver to determine nodal displacements, forces, stresses, and strains. Mode I and mode II stress intensity factors, Kt and Kzz, respectively, can be calculated using a variety of methods. (As a refresher, mode I loading refers to loads applied normal to the crack plane which tend to open the crack. Mode II refers to in-plane shear loading.)
The stress intensity factors quantify the state of stress in the region near the crack tip. In the program, the stress intensity factors can also be used to predict the crack propagation trajectory angles, again using a variety of methods.
A further unique feature of FRANC is the automatic crack propagation capability.
After an initial crack is inserted in a mesh, the program simulates crack propagation as a number of straight line segments. For each segment (or step), the program solves the finite element equations, calculates the stress intensity factors, and calculates the crack propagation angle. The program then places the new crack tip at the calculated angle and at a user-defined crack increment length. The model is then re-meshed using the "delete and fill" method described above. The procedure is repeated a number of times as specified by the user. Fig. lc shows the predicted crack propagation path of a gear tooth.
In this example, the predicted crack trajectory was after 29 steps, i.e., the crack trajectory was approximated by 29 line 
is shown in Fig. 2 . Here, the effect of rim thickness (expressed as backup ratio, rob, defined in the next paragraph) on crack path was explored. Notches were placed in the fillet region of the test gear teeth and run in a fatigue test rig until tooth or rim fracture occurred. The FRANC program was also used in these studies to model the gears. Initial cracks were inserted in the tooth fillets (corresponding to the notch locations of the test gears) and propagated as described above. As seen from the figure, the program was successful in predicting the crack paths.
A typical finite element gear model used in the current study is shown in Fig. 3 The material used was steel, In addition, slots
were incorporated in the model to model thin-rim gears. The model shown has a backup ratio, mb=l.0. The backup ratio is defined as the rim thickness, b, divided by the tooth height, h ( Fig. 4a ). As stated before, crack propagation angles are determined from the calculated stress intensity factors. In the current study, the stress intensity factors were determined from the finite element method nodal displacements and forces using the J-integral method (Ref. 29 ). In addition, the crack propagation angles were determined from the stress intensity factors using the maximum tangential stress theory (Ref. 30).
Effects of Backup Ratio and Initial Crack Location on

Crack Propagation
Gear models with backup ratios mb of 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.1, 1.2, and 1.3 were investigated.
These models were based on that shown in Fig. 3 , but with various slot heights to give the appropriate rim thicknesses. Also, the effect of initial crack location, 0o, was investigated. The location of the initial crack is defined in Fig. 4b . 0o defines the location of the initial crack mouth on the tooth fillet or root region with respect to the pitch radius. The effect of initial crack location on crack propagation path is shown in Fig. 5 for a backup ratio of mb=l.0. Initial crack lengths of 0.010 in were individually inserted and propagated in the models until the cracks reached either tooth or rim boundaries.
This took from 25 to 49 steps, depending on the case, using a crack increment length of 0.010 in. For Fig. 5 , the initial crack location angles varied from 00=68 to 120°. 00=88°corresponded to the root For the rim fracture cases (0o=68 to 78°), only the 00=68 case is shown for mode I. The other rim fracture cases, however, had nearly identical responses. Also note that the Kt magnitudes for these cases were rather low. For the tooth fracture cases, the magnitude of KI increased as the initial crack location, 00, increased. Also, the/£l magnitudes had a significant increase toward the later portion of the propagation.
Here, the teeth were nearly fractured off. The mode II stress intensity factor for 00=83 is shown in Fig. 6b .
Although not exactly the same, Kn for the other initial crack cases was in the -1 to 3 ksi_/in range. The significant observation here is that the mode I stress intensity factors are much greater in magnitude than the mode II. This implies that the crack propagation paths are smooth, continuous, and, in most cases, rather straight with only a slight curvature. This matches that seen in field experience for gear Applied tooth load, Q .\ Region of initial "", crackmouths "1 centerline between the tooth teeth (index 5 on Figl 5). to the location of the largest tensile propagation path, mb=l.0, 1) 00=68°, 2) 00=73°, stress for an uncracked gear of this design (index 8 on 3) 00=78°, 4)00=83°, 5)00=88°, 6)00=94°, Fig. 5 ). Note that for 0o=68 to 78°, rim fractures occurred. 7) 00=99°, 8) 0o=104°, 9) 0o=109°, 10) 00=114°,
For 00=83 to 120°, tooth fractures occurred. The mode I and 11) 0o=120°. and initial crack location for an initial crack of a=0.030 in.
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The normalized stress intensity factors were derived by dividing the stress intensity factors from the finite element analysis, K1, by the applied load, Q. Since linear elastic fracture mechanics is assumed, one can scale the normalized stress intensity factors for any value of applied load, then compare the results to the stress intensity factor threshold. Fig. 10 is a modified design map as an example for an applied load of Q=500 Ib, a stress intensity factor threshold AKth=5 ksi_/in (this is a typical value for AISI 9310 steel, the current standard material in aerospace drive system applications), and a crack size of a=0.030 in. For many of the cases, the mode I stress intensity factors were less than the stress intensity factor threshold, and thus, no crack propagation occurred.
For the conditions of Fig. 10 , a backup ratio of rob>0.8 should be used to ensure no rim failures will occur. This approach of using the stress intensity factor threshold concept is probably the most realistic, since cracks initiating at low 00 conditions are rather rare in field experience.
However, the design map becomes more complex since it is dependent on gear geometry, applied load, crack size, and material properties.
Effect of Fillet Geometry on Crack Propagation
Fig. ! 1 shows the same basic gear tooth shape with two different fillet designs. The first is a standard fillet (Fig. lla) .
The second is an increased fillet (Fig. lib) , which was used as the baseline design in the previous section. The standard fillet was derived by increasing the number of teeth of the cutting tool in the gear tooth generation process (Ref. 26 ). Fig. 12 shows the design map for the effect of tooth fillet on crack propagation. The increased fillet slightly increased the proportion of tooth fractures over rim fractures. Although not shown, the increased fillet had an additional benefit of reducing tensile stress in an uncracked gear.
Effect of Rim/Web Compliance on Crack Propagation
To first investigate rim compliance effects, a partial finite element model of the baseline design was developed (Fig. 13) . The model was a four-tooth partial model of the baseline design (28 teeth, 8 diametral pitch, 1.75-in pitch radius, 20°pressure angle) for a backup ratio of rob=0.9. The standard fillet design was used ( Fig. l la) . The edge of the rim as well as the inner radius were fixed to ground for boundary conditions. Although rob----0.9 is not considered a thick-rimmed gear, the boundary conditions used tended to make the rim extremely non-compliant. The tooth load was placed at the HPSTC, normal to the surface. Fig. 14 compares the crack propagation paths of the baseline slotted gear (Fig. 3, but for rob=0.9 and with the standard fillet) to the partial-model gear of Fig. 13 . The partial model gear had tooth fractures for both 0o=83 and 88°while the slotted gear had a rim fracture for 00=88°. The conclusion reached was that increased rim compliance (such as with thin-rimmed gears) leads to more rim fractures. To investigate web compliance effects, a full, nonslotted finite element model of the baseline design was developed (Fig. 15 ). The model had 28 teeth, 8 diametral A plane stress, two-dimensional approximation was still used, but different thicknesses were specified for the tooth/tim face width, f, and the web thickness, w. Two different web thicknesses (w=0.1 and 0.01 in) were studied and compared to the slotted baseline design. For all cases, the tooth face width was f=0.25 in. As before, a tooth load of Q=364 Ib was placed at the HPSTC, normal to the surface, and four hub nodes at the gear inner diameter were fixed to ground for boundary conditions. Table II gives the loaded tooth and rim deflections for an uncracked gear. Fig. 16 shows the effect of web thickness on crack propagation.
Three backup ratios, rnb=l.3, 1.0, and 0.5, were studied.
For mb=l.3, the w=0.l-in model was slightly more compliant than the slotted model (Table II) . However, tooth fractures occurred for all cases of initial crack location 62°<0o6_<119°for the w=-0.l-inmodel (Fig. 16b ) while rim fractures occurred in the slotted model for 0o__<67° (Fig. 16a) . This was also the trend for the mb=l.0 case except rim fractures occurred in the slotted model for 0o-_<83° (Fig. 16d) . For both mb=l.3 and 1.0 and the _--0.Ol-in model, the compliance was significantly increased (Table II) and rim fractures occurred for 00<77°( Fig. 16c) and 00<88° (   Fig. 16f) , respectively. ( Figs. 16g, 16i ). The conclusion reached was that increased web compliance also lead to more rim fractures. However, when comparing a slotted gear to a webbed gear, compliance was not the only factor in determining tooth/rim fracture transition conditions.
Effect of Gear Size on Crack Propagation
The basic size of a tooth is determined by the
where P is the diametral pitch (int), N is the number of teeth, and re is the pitch radius (in). Three different schemes were used in determining size effects on crack propagation: in Fig. 18 . Case (a) had 2226 elements and 6973 nodes while case (c) had 2396 elements and 7675 nodes. As before, the tooth load was placed at the HPSTC, normal to the surface, and four hub nodes at the gear inner diameter were fixed to ground for boundary conditions. Fig. 19 shows the design map (backup ratio and initial crack location effects on tooth or rim fractures) for the three cases. The 8-pitch, 28-tooth, model and the 16-pitch, 56-tooth model had nearly identical responses.
The 5.142857-pitch, 18-tooth model had increased tooth-fracture conditions, indicating a decreased rim compliance condition.
Constant number of teeth. Keeping the number of teeth constant and varying the size by proportionally varying the diametral pitch and pitch radius has the effect of scaling the design geometrically.
That is, a design with N=56 teeth, P=8
(in -l) diametral pitch, and rp=3.50 in is geometrically twice as big as a design with N=56, P=I6 (inl), and rp=l.75 in. Similarly, a N=56, P=5.283 (int), and ru=5.25 in is three times as big. To investigate this size effect on crack propagation, consider two simple machine elements:
1) cantilever beam in bending, and 2) axially loaded bar ( Fig. 20) . A gear tooth can be roughly approximated by a cantilever beam in bending and an axially loaded bar in where E is Young's modulus. The deflection and stress of an axial bar in compression with a rectangular cross section are:
For both bending and compression, if the size is doubled, the magnitudes of the deflections are one-half of those for the original size for the same applied load and material as long as linear elastic conditions are applicable. Also, if the size is doubled, the magnitudes of the stresses are one-fourth of those for the original size. This proportioning is also applicable to the stress intensity factors, assuming linear elastic fracture mechanics.
Recall that the crack propagation angles are a function of KH / Kt. Since Kz and KH are proportioned identically from the size effect, the ratio Kxl ! 1£i remains the same. Therefore, the crack propagation paths are same. Thus, keeping a constant number of teeth and varying the diametral pitch and pitch radius has no effect on the crack propagation path. As a note, these results were validated using finite element models and procedures described in the current study.
Constant diametral pitch. Fig. 21 shows three different tooth shapes for a constant diametral pitch of P=8 in_: a) 28 teeth, rp=l.75 in, b)56 teeth, rp=3.50 in, and c)84 teeth, rp=5.25in.
Case (a) was the baseline model described previously.
The model for case (b) was the same as in Fig. 18b considering the size effect of the previous section.
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A model forcase (c)wasdeveloped with2448 elements and 7969 nodes• Again, thetooth loadwasplaced attheHPSTC, normal to thesurface, andfourhubnodes atthegear inner diameter werefixedto groundfor boundary conditions. Fig.22shows thedesign map(backup ratioandinitialcrack location effects ontooth orrimfractures) forthethree cases. Thethreecases hadnearly the same response. Sincethe diametral pitchwasidentical, thebasic toothsize(andthus rim size)wasidentical. Thus, thecrackpropagation paths were nearly thesame.
Effect of Pressure Angle on Crack Propagation
A 20°pressure angle tooth and a 25°pressure angle tooth are depicted in Fig. 23 . These were both for a 28-tooth, P=8 diametral pitch, rp=l.75 in pitch radius design. Also, they had the same circular tooth thickness at the pitch point of w' 2P=0.196 in. The 25°pressure angle tooth is wider at the base and narrower at the tip compared to the 20°pressure angle tooth. The design map for these cases is shown in Fig. 24 
